Abstract. In this paper we show how to explicitly write down equations of hyperelliptic curves over Q such that for all odd primes ℓ the image of the mod ℓ Galois representation is the general symplectic group. The proof relies on understanding the action of inertia groups on the ℓ-torsion of the Jacobian, including at primes where the Jacobian has non-semistable reduction. We also give a framework for systematically dealing with primitivity of symplectic mod ℓ Galois representations.
A classical method for showing that the group GL 2 (F ℓ ) is a Galois group over Q is by realising it as the Galois group of the field generated by the ℓ-torsion on an elliptic curve. One can similarly try to construct the general symplectic group GSp 2g (F ℓ ) as the Galois group associated to the ℓ-torsion of a g-dimensional abelian variety. The main difficulty is that it is much harder to write down explicit abelian varieties and then verify that the Galois group obtained is not a proper subgroup of GSp 2g (F ℓ ). This approach has been successfully used in a number of works, including [Zar79] , [SZ05] , [Hal08] , [Zar10] , [Hal11] , [AdRV11] , [AdRK13] , [AdRAK + 15] , which realise GSp 2g (F ℓ ) for every (odd) prime ℓ using Jacobians of hyperelliptic curves, and show that one curve often realises GSp 2g (F ℓ ) for all sufficiently large ℓ. More recently [LSTX16] gave a non-constructive proof that many hyperelliptic curves realise GSp 2g (F ℓ ) for all odd primes ℓ, and [Die02] , [Zyw15] , [ALS16] who exhibited explicit curves of genus 2 and 3 with this property. There has also been numerical work [AdRAK + 16] , [ALS16] investigating the Galois images of Jacobians of curves. The main contribution of the present article to this topic is an explicit construction of hyperelliptic curves, such that for every prime ℓ their Jacobian has maximal mod ℓ Galois image; in other words hyperelliptic curves whose Jacobian J has Gal(Q(J[ℓ])/Q) ∼ = GSp 2g (F ℓ ) for every odd prime ℓ, and isomorphic to the symmetric group S 2g+2 for ℓ = 2.
The key new tool is a way of controlling the action of inertia groups on J[ℓ] at places where J has non-semistable reduction. Our approach does, however, require a rather unorthodox constraint on the dimension g: we need the even integer 2g + 2 to satisfy Goldbach's conjecture! In fact, we require it to satisfy the following somewhat stronger statement, which appears to hold 1 for every genus g = 0, 1, 2, 3, 4, 5, 7, 13:
Conjecture (Double Goldbach). Every positive even integer n can be written as a sum of two primes in two different ways with none of the primes being the largest prime less than n, except for n = 0, 2, 4, 6, 8, 10, 12, 16, 28.
The result on Galois images of hyperelliptic curves that we obtain is the following: Theorem 1.1. Let g be a positive integer such that 2g + 2 = q 1 + q 2 = q 4 + q 5 for some primes q i , with {q 1 , q 2 } = {q 4 , q 5 }, and that there is a further prime q 3 with q 1 , q 2 , q 4 , q 5 < q 3 < 2g + 2. Then there exist an explicit N ∈ Z and an explicit f 0 ∈ Z[x] monic of degree 2g + 2 such that if
(1) f (x) ≡ f 0 mod N , and (2) f (x) mod p has no roots of multiplicity greater than 2 for all primes p ∤ N , then Gal(Q(J[ℓ])/Q) ∼ = GSp 2g (F ℓ ) for all primes ℓ = 2, S 2g+2 for ℓ = 2.
See Theorem 7.1 for the explicit description of N and f 0 (x), and Remark 7.2 for an explanation on how to find explicit curves satisfying hypothesis (2). An explicit example for g = 6 is given in Section 8. For the exceptional genera g = 1, 2, 3, 4, 5, 7, 13 our method still makes it possible to construct hyperelliptic curves with maximal image at all but a small number of primes, e.g. all primes except ℓ = 5, 11, 13 when g = 7 (see Remark 6.6).
It is worth noting that hypotheses (1) and (2) in the above theorem are satisfied by a positive density of monic polynomials f (x). In particular, this shows that the hyperelliptic curves of genus g with maximal mod ℓ Galois image for every prime ℓ have a positive (lower) density among all hyperelliptic curves of genus g.
Throughout the paper we work with hyperelliptic curves
and write J = Jac(C) for their Jacobian. The layout is as follows.
In Section 2 we examine the Galois representations H 1 et (C, Q ℓ ) and J[ℓ] as representations of local Galois groups. For the "ℓ = p" theory we use the method of clusters, recently introduced in [DDMM17] . For "ℓ = p" we restrict our attention to primes p of semistable reduction, and use the description given by the theory of fundamental characters. We also give a simple criterion guaranteeing that a local Galois group contains a transvection in its action on J[ℓ].
In Section 3 we develop criteria for the representations H 1 et (C, Q ℓ ) and J[ℓ] to be globally irreducible. This is the place where the "double Goldbach" hypothesis enters. The reason for it is that we cannot always guarantee that the above representations are locally irreducible. In fact, this appears to be a genuine obstruction: for example, there is no 17-dimensional abelian variety A/Q p and primes p > 35 and ℓ = p, such that T ℓ (A) ⊗ Q ℓ is an irreducible Gal(Q p /Q p )-module 2 . However, when 2g + 2 is a sum of two primes (other than ℓ), we are able to force the local representation to have at most two irreducible constituents. To guarantee global irreducibility we then use conditions of this kind at several places. The reason that we require "double Goldbach" rather than the classical Goldbach's conjecture, is so that we can treat the case when ℓ is one of the Goldbach prime summands of 2g + 2 by using the other pair of primes.
In Section 4 we develop criteria for the representations H : we ensure that every inertia group acts trivially on every possible Galois stable partition of the representation and then invoke the Hermite-Minkowski theorem to deduce that no such partition exists. We formalise this approach by introducing "quasi-unramified" representations, and develop the necessary conditions on f (x) that make the argument work ("admissible" and "p-admissible" polynomials). Unlike [ALS16] , it is important for us to allow for curves with non-semistable reduction.
2 The hypotheses ensure that A has potentially good reduction and the inertia group at p acts tamely and semisimply on T ℓ (A), through a cyclic quotient of order k, say. Any element of the inertia group must have rational trace on T ℓ (A) (as the trace is independent of ℓ), so irreducibility forces the eigenvalues of a generator of the image of inertia to be precisely the set of k-th roots of unity. Hence 34 = dim T ℓ (A) ⊗ Q ℓ = ϕ(k), which is impossible.
In Section 5 we recall the classification of subgroups of GSp 2g (F ℓ ) of [Hal08] and [ADW16] and rephrase it as a criterion for J to have Gal(Q(J[ℓ])/Q) ∼ = GSp 2g (F ℓ ). As in many previous works, the basic rule is that if the action is irreducible, primitive and contains a transvection, then the Galois representation has maximal image (see Theorem 5.1).
In Section 6 we tie everything together to give a list of (essentially local) constraints that guarantee that Gal(Q(J[ℓ])/Q) ∼ = GSp 2g (F ℓ ) for every odd prime ℓ, and that Gal(Q(J[2])/Q) ∼ = S 2g+2 ; see Theorems 6.2 and 6.5.
In Section 7 we give explicit congruence conditions on the coefficients of f (x) that ensure that the above list of constraints is satisfied, and prove the precise version of Theorem 1.1 (see Theorem 7.1).
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1.1. Notation, t-Eisenstein polynomials and type t − {q 1 , . . ., q k }.
Local setting. For a finite extension F of Q p we write:
• π F for a fixed uniformizer of F ;
• O F for the ring of integers of F ;
• e F for the ramification degree of F ;
• F for a fixed algebraic closure of F ;
• F nr for the maximal unramified extension of F ; • v for a valuation on F normalized such that v(π F ) = 1; • F for the residue field of F ; • G F for the absolute Galois group Gal(F /F ); • I F for the inertia subgroup of G F ; • g(x) and α for the reduction modulo π of every g(x) ∈ O F [x] and α ∈ O F . Definition 1.2 (t-Eisenstein polynomials). Let t ≥ 1 be an integer. We say that a polynomial with O F -coefficients
Definition 1.3 (Polynomials of type t − {q 1 , . . ., q k }). Let q 1 , . . ., q k be prime numbers and let t ≥ 1 be an integer. Let f (x) ∈ O F [x] be a monic squarefree polynomial. We say that f (x) is of type t − {q 1 , . . ., q k } if it can be factored as
, for some α i ∈ O F with α i = α j for all i = j, where g i (x) is a t-Eisenstein polynomial of degree q i and h(x) is separable with h(α i ) = 0 for all i.
In other words, the monic polynomial f (x) is a product of shifted t-Eisenstein polynomials of degrees q i , . . . q k and linear polynomials, such that these polynomials have no common roots in the residue field. See Section 8 for explicit examples.
Global setting. For a number field K we write:
• O K for the ring of integers of K;
• F p for the residue field of K at a prime p of K;
• K for a fixed algebraic closure of K;
• G K for the absolute Galois group Gal(K/K);
• I p = I Kp for the inertia subgroup at p.
is of type t − {q 1 , . . ., q k }.
Roots of unity. Let q be a positive integer, we will denote by ζ q a primitive q-th root of unity. Throughout this article we will choose primitive roots of unity to form compatible systems, i.e. if ζ q is a primitive q-th root of unity and
In characteristic ℓ dividing q, we have ζ q = ζ m where ℓ r m = q, with (ℓ, m) = 1.
Inertia action on J[ℓ]
The construction of hyperelliptic curves presented in this article will crucially rely on understanding the action of the inertia groups on the ℓ-torsion of the Jacobian for every prime number ℓ. In this section, F will be a local field of odd residue characteristic p. Let C :
be a genus g hyperelliptic curve over F with f (x) ∈ O F [x] monic and squarefree, and let J = Jac(C). We will describe the inertia action on J[ℓ] in terms of f (x).
2.1. J[ℓ] when ℓ = p: clusters.
In this section we describe the inertia action on J[ℓ] when ℓ = p. In particular, we will prove the following theorem:
has type t − {q 1 , . . ., q k } for odd primes q i = p. Then for every ℓ = p, the inertia group I F acts tamely on H 1 et (C/F , Q ℓ ) and on J[ℓ] through a quotient of order dividing 2 i q i . Moreover, the non-trivial eigenvalues (with multiplicity) of any generator τ of tame inertia are either
The main ingredient of the proof of Theorem 2.1 is the theory of clusters developed in [DDMM17] .
be a squarefree monic polynomial and let R be its set of roots in F . A cluster s ⊆ R is a non-empty set of roots of f (x) of the form s = R ∩ D for a disc D ⊆ F with respect to the p-adic topology. For a cluster s with |s| ≥ 2 define:
• d s = min{v(r − r ′ ) : r, r ′ ∈ s}; • s 0 to be the set of maximal subclusters of s of odd size;
if |s| is even and ord 2 µ s ≥ 1 order two character of I s if |s| is even and ord 2 µ s < 1 zero representation of I s if |s| is odd; • γ s : I s → C * any character of order equal to the prime-to-p-part of the denominator of λ s (with γ s = 1 if λ s = 0);
Theorem 2.3 ([DDMM17]
). Let ℓ be a prime different from p, then
as I s -representations, with
where X is the set of clusters that are neither singletons nor (proper) disjoint unions of even size clusters, and where Sp(2) denotes the 2-dimensional special ℓ-adic representation.
Lemma 2.5. Let f (x) ∈ O F [x] be a t-Eisenstein polynomial of degree n, with (n, tp) = 1. Then I F acts tamely on the roots of f (x) and permutes them cyclically and transitively. Moreover, v(r − r ′ ) = t n for any two roots r = r ′ of f (x).
Proof. Let r be a root of f (x). The Newton polygon of f (x) has a unique slope equal to − t n , so all the roots of f (x) have valuation t n . In particular, f (x) is irreducible and the field F nr (r) is a tamely ramified extension of degree n of F nr . By uniqueness, it is Galois and its Galois group is C n . As f (x) is irreducible over F nr , the cyclic group C n acts transitively on the roots of f (x). Since the extension F nr (r)/F nr is tame, the standard homomorphism
is injective. In particular if σ is non-trivial then σ(r) r = 0, 1 in F, and hence v(σ(r) − r) = v(r) = t n . As I F acts transitively on the roots, this shows that v(r − r ′ ) = t n for any distinct pair of roots r, r ′ of f (x).
3 Let ℓ and p be distinct prime numbers. The special representation Sp(2) over a local field F/Qp is the (tame) 2-dimensional ℓ-adic representation given by:
where τ ∈ I F , the character t ℓ (τ ) is an ℓ-adic tame character, Frob F /F is a fixed Frobenius element and q = #F.
be the corresponding factorisation as in Definition 1.3. Let β i,1 , . . . , β i,qi be the roots of g i (x − α i ) and let β 0,1 , . . . , β 0,deg h be the roots of h(x).
(
The clusters of f (x) are the whole set of roots R, sets {β i,1 , . . . , β i,qi } for every i = 0 and singleton roots. 
Proof. 
Therefore γ s is either trivial or it has order 2 depending on the parity of t. Since µ s = 0, ǫ s is tame and
Proof of Theorem 2.1. By Lemma 2.6 (iv) the set X of clusters of f (x) which are not singletons nor unions of even clusters consists of the whole set of roots R and {β i,1 , . . . , β i,qi } for every i = 0, with β i,j as in Lemma 2.6. The inertia group I F does not permute the clusters so by Theorem 2.3 we have
, where the last equality follows from Lemma 2.6 (vi) since q i = 2 for all i.
By Lemma 2.6 (v) and (vi), V s is tame for each cluster s. depending on whether t is even or odd respectively. In particular, τ acts semisimply on H 1 et (C/F , Q ℓ ) by an element of order dividing 2 i q i . This proves the claim about the action of inertia on
In particular, the action of I F on T ℓ (J) factors through the same tame quotient and τ has the same set of eigenvalues. The result for J[ℓ] follows by reducing the characteristic polynomial of τ modulo ℓ.
J[ℓ] when ℓ = p: fundamental characters.
Given an abelian variety A/F with semistable reduction, a result due to Raynaud allows us to recover the eigenvalues of a generator of the tame inertia group acting on A[p]. Recall that for an integer d coprime to p, we write ζ d for a primitive d-th root of unity, chosen such that for all divisors
Theorem 2.7. Let A/F be an abelian variety with semistable reduction. Then the eigenvalues of a generator of the tame inertia group on A[p] are all of the form
for 1 ≤ n ≤ 2 dim(A) and 0 ≤ a i ≤ e F , and where the ζ d form some compatible system of roots of unity.
For ease of reading, we will recall briefly the theory of fundamental characters. For further details see [Ser72, §1] .
Let I t denote the tame inertia quotient of I F . A surjective homomorphism ψ n :
is a fundamental character of level n. The set of fundamental characters of level n is the set of the n characters ψ n , ψ p n , . . . , ψ p n−1 n ; this set is independent of the choice of
The fundamental characters of level n satisfy compatibility relations with fundamental characters of level m for any integer m dividing n:
Proof of Theorem 2.7. Let V be a Jordan-Hölder factor of dimension n over F p of the I F -module A[p]. Then, by [Ray74, Corollaire 3.4.4], V has the structure of a 1-dimensional F p n -vector space with the action of I F given by a character
Let τ be a fixed generator of tame inertia. Then ψ n (τ ) = ζ p n −1 ∈ F × p n and ̟(τ ) acts as multiplication by ζ
the minimal polynomial Φ has degree n and hence its roots are
Therefore, by the Cayley-Hamilton theorem, these are precisely the eigenvalues of multiplication by ζ p n −1 on V .
Hence, the eigenvalues of ̟(τ ) are ζ
Creating a transvection.
Finally, we will need a criterion to ensure that some element of Gal(Q(J[ℓ])/Q) acts as a transvection on J[ℓ]. We again use inertia groups for achieving this. Proof. The model of the curve consisting of the chart y 2 = f (x) and the usual chart at infinity is a regular proper semistable model of C. The dual graph of the special fibre is a vertex with a loop. The homology group of the dual graph is Z with intersection pairing (1), so the Tamagawa number of the Jacobian over K nr is c(J/K nr ) = det(1) = 1 (see e.g. [Pap13, Theorem 3.5 and Theorem 3.8]). On the other hand, for a principally polarised g-dimensional semistable abelian variety A of toric dimension d, the inertia group acts on T ℓ (A) by block matrices of the form
where t ℓ is the ℓ-adic tame character and N is a d × d symmetric integer-valued matrix that satisfies c(A/K nr ) = |coker(N )| (it is the matrix induced by the monodromy pairing composed with the principal polarisation on A); see e.g. [GR72, § 9, § 10] or the summary in [DD09, § 3.5.1]. In our case d = 1 and c(J/K nr ) = 1, so N is a 1 × 1 matrix with entry 1. In particular, picking σ appropriately gives an element of the inertia group that acts on J[ℓ] as a transvection.
Irreducibility
The aim of this section is to provide explicit criteria on f (x) that force irreducibility of the mod ℓ Galois representation. The key idea is to ensure that images of local Galois groups are sufficiently large and can be patched together to guarantee global irreducibility.
Local representations.
Proposition 3.1. Let C : y 2 = f (x) be a hyperelliptic curve over a local field F of odd residue characteristic p, with f (x) ∈ O F [x] monic and squarefree, and let J = Jac(C). Suppose that f (x) has type t − {q 1 , . . ., q k } where q 1 , . . . , q k are odd primes, coprime to t. Suppose moreover that the size of the residue field #F is a primitive root modulo each of the q i . Then for every prime ℓ = p, q 1 , . . ., q k , the semisimple representation
, and all other irreducible constituents being 1-dimensional.
Proof. By Theorem 2.1, G F acts tamely on J[ℓ] and the non-trivial eigenvalues of a generator of tame inertia are ±ζ ri,j qi for r i,j = 1, . . ., q i −1, where each sign is + if t is even and − if t is odd. We claim that the conclusion of the proposition holds for any semisimple F ℓ -representation V with this property.
The action on V factors through a finite group G = τ, φ , where τ ⊳ G is the (tame) inertia subgroup and φ is any lift of Frobenius.
Write V z for the z-eigenspace of τ on V . Since φτ φ −1 = τ #F , and hence
is an endomorphism of V ±ζq i .
Pick v ∈ V ±ζq i which is an eigenvector for the action of φ −(qi−1) on V ±ζq i and consider the subspace W = v, φ −1 v, . . ., φ −(qi−2) v . Since W is closed under τ and φ −1 , it is a G F -submodule of V . Moreover, as #F is a primitive root modulo q i , it follows that the eigenvalues of τ on v , . . . , φ −(qi −2) v are precisely the non-trivial q i -th roots of unity, or their negatives. In particular, as these τ -eigenvalues are distinct, any G-submodule of W must be a direct sum of some of the φ j v 's. As φ −1 permutes these τ -eigenspaces transitively, it therefore follows that W is irreducible. Now the result follows by substituting V by V /W and then proceeding by induction on the dimension.
• q 1 , q 2 and q 3 are primes with q 1 ≤ q 2 < q 3 < 2g + 2 and q 1 + q 2 = 2g + 2;
• p 2 , p 3 ∤ 2;
• t is coprime to q 1 q 2 , and t ′ is coprime to q 3 ; • #F p2 is a primitive root modulo q 1 and q 2 ;
• #F p3 is a primitive root modulo q 3 .
Then for every prime ℓ ∤ q 1 , q 2 , q 3 , #F p2 , #F p3 , the G K -module J[ℓ] is absolutely irreducible, where J is the Jacobian of C.
Proof. By Proposition 3.1, the restriction of J[ℓ] ⊗ F ℓ F ℓ to G Kp 3 contains an irreducible (q 3 − 1)-dimensional subquotient. Also its restriction to G Kp 2 has exactly two Jordan-Holder factors and these have dimension (q 1 − 1) and (q 2 − 1). It follows that, on the one hand, J[ℓ] ⊗ F ℓ F ℓ can have at most two Jordan-Holder factors, in which case they have dimensions (q 1 − 1) and (q 2 − 1), and, on the other hand, J[ℓ] ⊗ F ℓ F ℓ has a Jordan-Holder factor of dimension at least (q 3 − 1). Hence
Theorem 3.3. Let C : y 2 = f (x) be a hyperelliptic curve over a number field K, where f (x) ∈ O K [x] is a monic squarefree polynomial of degree 2g + 2. Suppose that f (x) has type t − {q 1 , q 2 } at p 2 , type t ′ − {q 4 , q 5 } at p ′ 2 , type t ′′ − {q 3 } at p 3 , and type t ′′′ − {q 5 } at p ′ 3 , where: • q 1 , q 2 , q 3 , q 4 and q 5 are primes such that: 2g + 2 = q 1 + q 2 = q 4 + q 5 q 4 < q 1 ≤ q 2 < q 5 < q 3 < 2g + 2.
• p 2 , p ′ 2 , p 3 , p ′ 3 ∤ 2 i q i and they have distinct residue characteristics; • t is coprime to q 1 q 2 ; t ′ is coprime to q 4 q 5 ; t ′′ is coprime to q 3 and t ′′′ is coprime to q 5 ;
• #F p2 is a primitive root modulo q 1 and q 2 ;
is a primitive root modulo q 4 and q 5 ;
• #F p3 is a primitive root modulo q 3 ;
is a primitive root modulo q 5 .
Then for every prime ℓ, the G K -module J[ℓ] is absolutely irreducible, where J is the Jacobian of C.
Proof. Applying Lemma
3.2 with q 1 , q 2 , q 3 , p 2 , p 3 proves the claim for all ℓ with p 2 , p 3 , q 1 , q 2 , q 3 ∤ ℓ. Applying the lemma again with q 4 , q 5 , q 3 , p ′ 2 , p 3 proves it for all ℓ with p 3 , q 3 ∤ ℓ. By assumption q 5 > q 1 , q 2 , so applying the lemma with q 1 , q 2 , q 5 , p 2 , p ′ 3 proves the result for p 3 , q 3 | ℓ.
Primitivity
In this section K is a number field and C :
is a monic squarefree polynomial of degree 2g + 2. As before, J = Jac(C). In this section moreover p will denote a prime of K.
Definition 4.1. Let V be a symplectic vector space over a field, and let G be a subgroup of GSp(V ). We say that {V 1 , . . . , V k } is a non-trivial G-stable decomposition of V into symplectic subspaces if the V i are proper symplectic subspaces V i ⊂ V , the symplectic pairing is non-degenerate on V i , and there is a homomorphism φ :
Definition 4.2. Let V be a symplectic vector space over a field, and let G be a subgroup of GSp(V ). Suppose that V has no proper G-stable subspace. Recall that V is an imprimitive G-module if there is no non-trivial G-stable decomposition of V into symplectic subspaces. If V is not an imprimitive G-module, then it is a primitive G-module.
Quasi-unramified representations.
Definition 4.3 (Quasi-unramified representation). We will say that a symplectic
. . , V k } is unramified at every prime of K. We will say that V is strongly quasi-unramified if the same condition holds for decompositions of V ⊗ F ℓ F ℓ into symplectic F ℓ -subspaces.
Note that strongly quasi-unramified implies quasi-unramified.
Proposition 4.4. Let K be a number field which does not have everywhere unramified extensions. If V is an irreducible quasi-unramified symplectic representation of G K , then V is primitive.
Proof. Suppose V admits a G K -stable decomposition into symplectic subspaces. Since V is irreducible, the associated homomorphism φ is transitive and, in particular, non-trivial. By definition of quasi-unramified symplectic representation, the kernel of φ cuts out a proper unramified extension of K. Hence, V is primitive. 
We will say that f (x) ∈ O K [x] is admissible at p if it is ℓ-admissible at p for every odd prime number ℓ not divisible by p. Proposition 4.7. Let ℓ be an odd prime number and suppose that:
Proof. Direct from the definition.
The following criterion is another way of ensuring that J[ℓ] is quasi-unramified for certain primes ℓ:
Proposition 4.8. If J[ℓ] is irreducible and there exists a prime number q such that
• g + 1 < q < 2g + 2, • ℓ is a primitive root modulo q, • f has type t − {q} at p for some p ∤ 2ℓqt,
is irreducible and the V i are symplectic subspaces, dim V i = dim V j ≥ 2. In particular, k < g + 1 < q. By Theorem 2.1, I p acts on J[ℓ] through a cyclic quotient τ ∼ = C q or C 2q , with τ 2 having eigenvalues all the primitive q-th roots of unity, and all other eigenvalues 1. By hypothesis k < q, so τ 2 has to preserve each of the V i . Without loss of generality τ 2 : V 1 → V 1 has ζ q as an eigenvalue. The minimal polynomial of ζ q over F ℓ has degree q − 1, so 2g k = dim V 1 ≥ q − 1 > g, and so k = 1.
In the rest of this section we will give criteria for f (x) to satisfy the hypotheses of Proposition 4.7.
Admissible polynomials.
Lemma 4.9. If J is semistable at p then f (x) is admissible at p.
Proof. Let ℓ be an odd prime with
By [GR72, Corollaire 3.5.2], I p acts unipotently on J[ℓ] with (σ − 1) 2 = 0 for all σ ∈ I p . By Lemma 4.16, every σ ∈ I p fixes each of the V i and so f (x) is ℓ-admissible at p. 
has type t − {q 1 , q 2 } at p for t odd and odd primes q 1 , q 2 different from p, with q 1 + q 2 = 2g + 2, then f (x) is admissible at p. . If ℓ = q 1 , q 2 , then no subset of the eigenvalues is closed under multiplication by either −1, ζ q1 or ζ q2 , and so by Lemma 4.15, τ cannot permute {V 1 , . . . , V k }.
If ℓ = q 1 = q 2 , then by the same argument τ cannot have an orbit on {V 1 , . . . , V k } of length 2. Moreover, τ does not have an eigenvalue of multiplicity q 1 , so by Lemma 4.15 τ cannot have an orbit of lenght divisible by q 1 . Furthermore, no set of 2q 2 eigenvalues is closed under multiplication by ζ q2 and the V i are symplectic (even dimension), so τ cannot have an orbit of length divisible by q 2 either.
Finally, if ℓ = q 1 = q 2 = g + 1, then τ cannot cyclically permute q 1 symplectic subspaces since dim F ℓ J[ℓ] = 2g < 2q 1 . It also cannot have an orbit of length 2 as no subset of the eigenvalues is closed under multiplication by −1.
Lemma 4.11. Let p be a prime of odd residue characteristic
has type 2−{q} at p where q is an odd prime g + 1 < q < 2g + 2, then f (x) is admissible at p.
Proof. Let ℓ = 2, p be a prime. By Theorem 2.1, I p acts tamely on J[ℓ] through a cyclic quotient of order dividing 2q, and with a generator of tame inertia τ having non-trivial eigenvalues ζ q , . . . , ζ q−1 q , each with multiplicity 1 (unless ℓ = q in which case all eigenvalues are +1).
Since ℓ = 2, the order of the image of I p is q or 1. Clearly, since q > g + 1, inertia cannot permute q symplectic blocks.
p-admissible polynomials.
Let us address condition (2) in Proposition 4.7.
Proposition 4.12. If C/K is semistable at p of residue characteristic p, with p > max(g, 2e Kp + 1), where e Kp is the ramification degree of K p /Q p , then f (x) is p-admissible at p.
As p > g the wild inertia group cannot permute the subspaces, as each orbit must have either size 1 or size divisible by p.
By Theorem 2.7, the eigenvalues of a (fixed) generator τ of the tame inertia group are of the form ζ
for some 1 ≤ k ≤ 2 dim J and 0 ≤ a i ≤ e Kp . In particular, if ζ x is a root of unity such that ζ
This set has no subset closed under multiplication by j-th roots of unity for any j ≤ g (as g < p). Thus by Lemma 4.15, τ cannot permute {V 1 , . . . , V m }.
Remark 4.13. The result and the proof of Proposition 4.12 also hold for abelian varieties. Let A be a g-dimensional semistable abelian variety over a local field
Proposition 4.14. Let p be a prime of odd residue characteristic p with e Kp(ζp)/Kp = 2.
If J has totally toric reduction at p then f (x) is p-admissible at p.
where χ is the cyclotomic character (as follows from the Raynaud parametrization Proof. Without loss of generality, suppose that L is algebraically closed.
The minimal polynomial of T on W must have at least degree k, so by the Cayley-Hamilton theorem the characteristic polynomial of T on W is x k − β k . Hence its eigenvalues are ζ j k β for j = 0, . . . , k − 1. Now take 
which gives a contradiction since v ∈ V 1 \ {0}, 2M v ∈ V 2 and M 2 v ∈ V 3 .
5. Surjectivity
Generating symplectic groups.
We make use of the following classification of subgroups of GSp 2g (F ℓ ) containing a transvection, due to Hall and Arias-de-Reyna, Dieulefait, Wiese. . Let ℓ ≥ 5 be a prime and let V be a symplectic F ℓ -vector space. Let G be a subgroup of GSp(V ) such that:
The same is true for ℓ = 3, provided that V ⊗ F 3 is an irreducible and primitive G-module.
Proposition 5.2. If ℓ ≥ 5 and V is an irreducible quasi-unramified symplectic representation of G Q , then the image of G Q contains Sp(V ) provided that some element of G Q acts as a transvection. The same holds for ℓ = 3 provided that V is also absolutely irreducible and strongly quasi-unramified.
Proof. By Lemma 4.4 the representation is primitive. The result follows from Theorem 5.1.
Symplectic representations and abelian varieties.
Theorem 5.3. Let ℓ ≥ 5 be a prime and let A/K be a principally polarized abelian variety of dimension g over a number field K. If the G K -action on A[ℓ] is irreducible, primitive and contains a transvection, then the image of G K contains Sp 2g (F ℓ ). Moreover, the same holds for ℓ = 3 provided that A[3] ⊗ F 3 is also irreducible.
Proof. The result follows directly from Theorem 5.1.
Lemma 5.4. Let ℓ be a prime and let A/K be a principally polarized abelian variety of dimension g over a number field
Proof. Let t : GSp 2g (F ℓ ) → F × ℓ be the group homomorphism which maps an element M ∈ GSp 2g (F ℓ ) to the corresponding multiplier through the symplectic pairing, that is the element m ∈ F
The kernel of this homomorphism is Sp 2g (F ℓ ).
Since the abelian variety is principally polarized, the symplectic pairing on J[ℓ] is the mod ℓ Weil pairing: for all σ ∈ G K and for all v, w ∈ J[ℓ] we have σv, σw = χ(σ) v, w . Therefore the homomorphism t restricted to G is the cyclotomic character and
Corollary 5.5. Let ℓ ≥ 5 be a prime and let J/K be the Jacobian of a curve of genus g over a number field K. If the G K -action on J[ℓ] is irreducible, primitive and contains a transvection, then
. Moreover, the same holds for ℓ = 3 provided that J[3] ⊗ F 3 is also irreducible.
Proof. Since J is principally polarized (see [Mil86, Summary 6 .11]), Theorem 5.3 implies that the image of G K contains Sp 2g (F ℓ ). The result follows from Lemma 5.4. Theorem 5.6. Let ℓ ≥ 5 be a prime and let J/Q be the Jacobian of a curve of genus g. If the G Q -action on J[ℓ] is irreducible, quasi-unramified and contains a transvection, then Gal(Q (J[ℓ] )/Q) ∼ = GSp 2g (F ℓ ). Moreover, the same holds for ℓ = 3 provided that J[3] is also absolutely irreducible and strongly quasi-unramified.
Proof. By Lemma 4.4 the representation is primitive. The result follows from Corollary 5.5.
Maximal Galois images over Q
We now put together the results from § 2- § 5 to produce hyperelliptic curves over Q with maximal Galois images. In this section C : y 2 = f (x) denotes a hyperelliptic curve over Q, where f (x) ∈ Z[x] is a monic squarefree polynomial of degree 2g + 2. As before, J = Jac(C).
For the rest of the section we will refer to the following hypotheses on the genus and on f (x):
(G+ǫ) There exist primes q 1 , q 2 and q 3 such that:
(2G+ǫ) There exist primes q 1 , q 2 , q 3 , q 4 , q 5 such that:
(2T) f (x) has type 1 − {2} at distinct primes p t , p ′ t > g. (TT) J has totally toric reduction at all odd primes ℓ ≤ g.
(p 2 ) f (x) has type 1 − {q 1 , q 2 } at a prime p 2 > 2g + 2, which is a primitive root modulo q 1 , q 2 and q 3 . (p 3 ) f (x) has type 2−{q 3 } at a prime p 3 > 2g + 2, which is a primitive root modulo q 3 . (p ′ 2 ) f (x) has type 1 − {q 4 , q 5 } at a prime p ′ 2 > 2g + 2, which is a primitive root modulo q 3 , q 4 and q 5 . (p ′ 3 ) f (x) has type 2−{q 5 } at a prime p ′ 3 > 2g + 2, which is a primitive root modulo q 5 . (adm) f (x) is admissible at all primes p (see Definition 4.6).
(ss) C is semistable at all primes p / ∈ {p 2 , p
(S 2g+2 ) There exist two primes p irr and p lin such that f (x) modulo p irr is irreducible, and f (x) modulo p lin factors as an irreducible polynomial times a linear factor.
Theorem 6.2 requires the Goldbach conjecture like hypothesis (G + ǫ) and produces curves with maximal mod ℓ Galois images at all but a small set of primes. Theorem 6.5 requires the stronger hypothesis (2G + ǫ) but guarantees maximality at all ℓ simultaneously. By (G + ǫ), (p 2 ) and (p 3 ), the hypotheses of Lemma 3.2 are satisfied, so J[ℓ] is absolutely irreducible for every prime ℓ = q 1 , q 2 , q 3 , p 2 , p 3 .
In case (i), by Proposition 4.12 and hypothesis (adm), the conditions of Proposition 4.7 are satisfied, so J[ℓ] is strongly quasi-unramified.
In case (ii), by Proposition 4.14 and hypothesis (adm), the conditions of Proposition 4.7 are again satisfied, so J[ℓ] is strongly quasi-unramified.
In case (iii), since J[ℓ] is irreducible and hypothesis (p 3 ) holds, Proposition 4.8
Remark 6.3. The theorem can be easily extended to include ℓ = p 2 and p 3 by requiring that there is a second pair of primes r 2 , r 3 satisfying the same properties as p 2 and p 3 in hypotheses (p 2 ) and (p 3 ).
From Theorem 6.2 we have the following immediate corollary:
for every prime ℓ, except possibly for (i) ℓ = 2, 3, q 1 , q 2 , q 3 , p 2 , p 3 , and (ii) ℓ where J/Q ℓ is not semistable that are not primitive generators modulo q 3 .
Proof. Case ℓ ≥ 5. The hypotheses of Theorem 3.3 are satisfied by (2G + ǫ), (p 2 ), (p 3 ), (p Note that hypothesis (2G + ǫ) forces g ≥ 6. Since p t > g ≥ 6, it is unramified in K/Q and f (x) has type 1 − {2} at all primes dividing p t . The existence of a transvection in Gal(K (J[3] )/K) is ensured by Lemma 2.9.
Let p 2 , p 3 be primes of K above p 2 and p 3 respectively. By hypothesis (3), p 2 and p 3 split in K, so #F p2 = p 2 and #F p3 = p 3 , and f (x) has type 1 − {q 1 , q 2 } at p 2 and type 2−{q 3 } at p 3 . Let us remark that p 2 , p 3 , q 1 , q 2 , q 3 = 3 since q 4 < q 1 ≤ q 2 < q 3 and p 2 , p 3 > g ≥ 6. By Lemma 3.2, the G K -module J[3] is absolutely irreducible.
The hyperelliptic curve C/K is semistable at all primes p ∤ p 2 , p 
is the splitting field of f (x). We just need to ensure that the Galois group of f (x) is the full symmetric group S 2g+2 . Hypothesis (S 2g+2 ) guarantees the existence of primes p irr and p lin such that f (x) modulo p irr is irreducible, and f (x) modulo p lin factors as an irreducible polynomial times a linear factor. These factorisations ensure the existence of a 2g + 2 cycle and a 2g + 1 cycle in the Galois group of f (x).
By hypothesis (2T), the inertia group at p t acts as a transposition on the roots of f (x).
Since using 2g + 2 and 2g + 1 cycles it is possible to conjugate a transposition to any other transposition, and the symmetric group is generated by transpositions, we deduce that the Galois group of the splitting field of f (x) is S 2g+2 , as required.
Remark 6.6. Hypothesis (2G + ǫ) does not hold for g = 0, 1, 2, 3, 4, 5, 7 and 13, but we expect it to hold for all other g, and have numerically verified it for g ≤ 10 7 . For this exceptional list of small genera our method still makes it possible to find hyperelliptic curves with Gal(Q(J[ℓ])/Q) ∼ = GSp 2g (F ℓ ) for all but a small set of primes ℓ (see Theorem 6.2, Remark 6.3, hypothesis (S 2g+2 ) and the proofs of cases ℓ = 2, 3 of Theorem 6.5):
Genus primes excluded 2 3, 5 3 3, 5, 7 4 5, 7 5 5, 7, 11 7 5, 11, 13 13 11, 17, 23. The main result of this section is the following explicit version of Theorem 6.5:
Theorem 7.1. Let g be a positive integer such that there exist primes q 1 , q 2 , q 3 , q 4 , q 5 with 2g + 2 = q 1 + q 2 = q 4 + q 5 and q 4 < q 1 ≤ q 2 < q 5 < q 3 < 2g + 2. Let
be a polynomial such that
• f 0 (x) has g distinct double roots in F ℓ for every odd prime ℓ ≤ g; • f 0 (x) has type 1 − {q 1 , q 2 } at a prime p 2 > 2g + 2, which is a primitive root modulo q 1 , q 2 and q 3 , and p 2 ≡ 1 mod 3; • f 0 (x) has type 2−{q 3 } at a prime p 3 > 2g + 2, which is a primitive root modulo q 3 , and p 3 ≡ 1 mod 3; • f 0 (x) has type 1 − {q 4 , q 5 } at a prime p ′ 2 > 2g + 2, which is a primitive root modulo q 3 , q 4 and q 5 ; • f 0 (x) has type 2−{q 5 } at a prime p ′ 3 > 2g + 2, which is a primitive root modulo q 5 ; • f 0 (x) modulo a prime p irr is irreducible ; • f 0 (x) modulo a prime p lin factors as an irreducible polynomial times a linear factor.
Let C : y 2 = f (x) be a hyperelliptic curve over Q with f (x) ∈ Z[x] monic and squarefree such that (1) f (x) ≡ f 0 mod N , where
(2) f (x) mod p has no roots of multiplicity greater than 2 in F p for all primes p not dividing N .
where J = Jac(C).
Proof. Clearly hypothesis (2G + ǫ) of Theorem 6.5 is satisfied. Remark 7.2. Condition (2) can be made explicit, in the sense that one can construct examples for (2) in a systematic way as follows.
Recall that f (x) mod p has a root of multiplicity greater than 2 if and only if f, f ′ , f ′′ mod p have a common root in F p . To construct a suitable polynomial, first pick any f (x) satisfying (1) and such that f (x) mod p has no roots of multiplicity greater than 2 for all primes p < 2g not dividing N . Let
By changing the linear term of f (x) by a multiple ofÑ , ensure that f ′ (x) and f ′′ (x) have no common roots in Q, so that for some polynomials a(x), b(x) ∈ Z[x] we have a(x)f ′ (x) + b(x)f ′′ (x) = M ∈ Z \ {0}. This guarantees that f (x) mod p does not have roots of multiplicity greater than 2 for all primes p ∤ M .
If p | M with p ∤Ñ then there exists c ∈ F p such that f (x) + c mod p is non-zero at the F p -roots of f ′′ (x), as p > 2g = deg f ′′ . Thus, by the Chinese Remainder Theorem, there exist z ∈ Z such that f (x) + zÑ mod p is non-zero at the F p -roots of f ′′ (x) for every p | M with p ∤Ñ . Hence, f (x) + zÑ satisfies conditions (1) and (2) as required.
We now turn to the proof of the congruence conditions used in the proof of Theorem 7.1. For the remainder of this section F will be a local field of odd residue characteristic p. Let C : y 2 = f (x) be a hyperelliptic curve over F with f (x) ∈ O F [x] monic and squarefree and let J = Jac(C). where ℓ is any prime ℓ = p. In particular, inertia acts unipotently on H 1 et (C/F , Q ℓ ), so J is semistable (see [GR72, Proposition 3.5]) and has toric dimension min(d, g).
Corollary 7.6. Let p be an odd prime and suppose that f (x) has g double roots over F p . Then J is semistable and has totally toric reduction. ). There is a unique point at infinity, corresponding to V = 0, which is a smooth point since the partial derivative with
The reduction modulo p of the polynomial f 0 (x) has no roots of multiplicity greater than 2 for any prime p / ∈ {19, 41, 37, 17}, so by Theorem 7.1 the Jacobian J 0 of
has Gal(Q(J 0 [ℓ])/Q) ∼ = GSp 12 (F ℓ ) for all primes ℓ = 2, S 14 for ℓ = 2.
Moreover, setting
